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O ■ Abstract 



We use a path integral formulation of the Chern-Simons quantum field theory 
in order to give a simple "semi-rigorous" proof of a recently conjectured limita- 
tion on the 1/ K expansion of the Jones polynomial of a knot and its relation 



k> \ to the Alexander polynomial. A combination of this limitation with the finite 

c^ \ version of the Poisson resummation allows us to derive a surgery formula for the 

contribution of the trivial connection to Witten's invariant of rational homology 
spheres. The 2-loop part of this formula coincides with Walker's surgery formula 
for Casson- Walker invariant. This proves a conjecture that Casson- Walker invari- 
ant is proportional to the 2-loop correction to the trivial connection contribution. 
A contribution of the trivial connection to Witten's invariant of a manifold with 
nontrivial rational homology is calculated for the case of Seifert manifolds. 



^Work supported in part by the National Science Foundation under Grants No. PHY-92 09978 and 
9009850 and by the R. A. Welch Foundation. 



1 Introduction 

In his paper [1], Witten defined a topological invariant of a 3d manifold M with an n- 
component link C inside it as a partition function of a quantum Chern-Simons theory. Let 
us attach representations Voti-, 1 < i < n of a simple Lie group G to the components of C (in 
our notations ckj are the highest weights shifted by p = | S^^.^a ^^^ ^+ ^^ ^ ^^^ '^^ positive 
roots of G). Then Witten's invariant is equal to the path integral over all gauge equivalence 
classes of G connection on M: 



^OL,,...,CX., 



XM, C; k) = J[VA,] exp Qscs) f[ Tr^Pexp (^j( A.dx'^^ , (Ll^ 



here A^ is a connection, Scs is its Chern-Simons action 

Scs = I: Tre^-'P f dx{A^d,A, + '^A^A^A,), (1.2) 

z Jm 6 

Tr is a trace in the fundamental representation (so that Tr Aj = 2 for long roots of G) , h is 

a Planck's constant: 

h = —, A;gZ. (1.3) 

k 

TrcK-Pexp (§^^ A^dx^) are the traces of holonomies along the link components Li taken in the 

representations Va^- Witten showed that for a link in S^ his invariant was proportional to 

the Jones polynomial of that link. In what follows we will refer to eq. (1.1) as the definition 

of the Jones polynomial and its normalization. 

Witten derived a surgery algorithm for an exact calculation of the path integral (1.1). We 
review it briefly in order to set our notations. Consider a manifold M with a knot /C inside 
it. Let us choose a basis of cycles on the boundary of its tubular neighborhood Tub(/C). 
Ci is a cycle contractible through the tubular neighborhood (i.e. Ci is the meridian of /C). 
C2 is a cycle which has a unit intersection number with Ci {C2 is defined only modulo Ci). 
Cut out the tubular neighborhood Tub(/C) and glue it back in such a way that the cycles 
pCi + qC2 and rCi + SC2 on the boundary of the complement of /C are identified with the 
cycles Ci and C2 on the boundary of Tub(/C). As a result of this surgery, a new manifold 
M' is constructed. 
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The integer numbers p, q, r, s form a unimodular matrix 



l/iP^Q) 



p r 
q s 



g5L(2,Z), ps-qr = 1. 



;i.4) 



The group SL(2, Z) has a unitary representation in the space of affine characters of G which 
is in fact a Hilbert space of the Chern-Simons theory corresponding to T^ = 9Tub(/C). The 
basis vectors of this space \ci, 1) (a G Ac = A"^ /{W x KA^) \ walls, K = k + cy, cy is a 
dual Coxeter number of G, cy = N for SU{N)) are the eigenstates of the holonomy operator 
along the cycle Ci. 

Pexp (I A^'dx^'^ \cx, 1) = exp (-pa) I", 1), (1-5) 

here A^^ is an operator corresponding to the classical field A^^. The matrix elements of f/(P'^) 
represented in this basis are (for a simply laced group) 

1 

[isign(g)]l'^+l 



U 



{p,<i) _ 

X 



exp 



-— dimG$(?7(P 
12 ^ 



,g)^ 



Vol A"" 
VolA« 



;i.6) 



m 



J2 E (-1)'""' exp -r^ [pa^ - 2a ■ {Kn + w;(/3)) + s{Kn + w{l3)f 

here |A-|_| is a number of positive roots in G, W is the Weyl group and $(f/(^'^)) is the 
Rademacher function defined as follows: 



$ 



p r 
q s 



p+ s 



125(5, g), 



;i.7) 



5(5, q) is a Dedekind sum: 



n-l 



5(m, n) = —"^ cot I — 1 cot 



An 



i=i 






/nmj 



n 



:i.i 



The formula (1.6) was derived by L. Jeffrey [3] for G = SU{2): 



9-1 






m 



C/r/^ = -- o-v^. g-x-^i^— n ^ ^ ^ exp ^ pa^ - 2«(2irn + /x/3) + 5(2irn + /x/3)^ 



A 



SC/(2) 



2fs:g 

: l<a,l3<K-l. 



;i.9) 



According to Witten [1] , the invariant of the manifold M' constructed by a [/(P'"?) surgery 
on a knot /C in a manifold M can be expressed through the Jones polynomial of that knot 
and the representation (1.8) of the surgery matrix: 

Z{M'-k) = e''^'^ J2 ZaiM,!C;k)U^^''^ (1.10) 

cksAg 

(recall that p is a shifted highest weight of the trivial representation). The phase 0fr is a 
framing correction. If both invariants are reduced to canonical framing, then 



-dimC 



$(f/(p,^))_3sign^ + zy 



1.11) 



^ 12 K 
here z/ is a self-linking number of /C defined as a linking number between C2 and /C. 

For a more general case when a surgery is performed on a link £ in M Witten concluded 
that 

Z{M'; k) = e^f- E ^«„...,a„(M, £; k)utS^ ' ' ' ^^if ' (1-12) 

cxi,...a.„eAG 

Reshetikhin and Turaev showed in [2] that eq. (1.12) is invariant under Kirby moves. There- 
fore they proved that Z{M; k) is a topological invariant of the manifold without invoking the 
path integral representation (1.1) which still lacks mathematical rigor. They also established 
a general set of conditions on the components of the r.h.s. of eq. (1.12) which guarantee its 
topological invariance. 

The disadvantage of eqs. (1.10) and (1.12) is that they do not make the relation between 
Witten's invariant and classical topological invariants of 3d manifolds quite transparent 
(Alexander polynomial was the only quantum invariant which had a clear topological nature 
since it was originally constructed from the fundamental group of the knot complement). 
A possible way to deal with this problem is to consider a large k asymptotics of the path 
integral (1.1) by applying a stationary phase approximation. The stationary phase points 
are fiat connections. Therefore the invariant is presented as a sum over connected pieces Aic 
of the moduli space Ai of flat connections on M: 



Mc 



I ■ 



Z^^uUAM, C; k) = exp - (^4t + E ^^^^"j , (1-13) 



here Scs is a Chern-Simons action of flat connections oi Aic and Sjf^ are the quantum n- 
loop corrections to the contribution of Aic- The 1-loop correction is a determinant of the 
quadratic form describing the small fluctuations of Scsi^p.) around a stationary phase point. 
Its major features were determined by Witten [1], Freed and Gompf [4], and Jeffrey [3] (some 
further details were added in [5]): 



Voim -Pii^'v-Sc.-^A'p.j (1.14) 

here He is an isotropy group of A^c (i-e. a subgroup of G which commutes with the holonomies 
of connections A^^^ of A^c), ^ph is expressed [4] as 

ATph = 2J, + dim H^ + dim H^ + (1 + 6M)dim G, (1.15) 

Ic is a spectral flow of the operator L_ = -kD + D-k acting on 1- and 3-forms, D being a 
covariant derivative, H^^ and H^ are co homologies of D, and b\.i is the flrst Betti number of 
M. Tfi is a Reidemeister-Ray-Singer torsion. It was observed in [3] that ^/T^ defines a ratio 
of volume forms on A^^ and He- 

The higher loop corrections S!^^ are calculated by Feynman rules. They are expressed 
as multiple integrals of the products of propagators taken over the manifold M and the 
link C Such representation might make the nature of invariants S^^ more transparent. 
Bar-Natan [6] and Kontsevich [7] studied the Feynman diagrams related to the link. These 
diagrams produce Vassiliev invariants. In particular, Bar-Natan observed that the 2-loop 
correction to the SU{2) invariant of the knot in S^ is proportional to the second derivative 
of its Alexander polynomial. 

In their recent paper [8] Melvin and Morton conjectureda a rather strict limitation on the 
possible powers of a in the K~^ expansion of the SU{2) Jones polynomial Za{S^,}C; k) as 
well as a relation between the dominant part of this expansion and the Alexander polynomial 
which generalizes the result of [6]. 



^This conjecture was proven recently by D. Bar-Natan and S. Garoufalidis [9] at the level of weight 
systems. 
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The properties of Feynman diagrams related to the manifold were studied in early papers 
[10], [11] and then by Axelrod and Singer [12] and Kontsevich [13]. A convergence of those 
diagrams was proven, however no multiloop diagrams were explicitly calculated. An "exper- 
imental" approach to their study was initiated in [4] and [3]. Freed and Gompf checked the 
1-loop formula (1.14) by comparing it numerically to the surgery formula (1.12) applied to 
some lens spaces and Seifert homology spheres. L. Jeffrey transformed the surgery formula 
for lens spaces and some mapping tori into the asymptotic form (1.13) thus obtaining all the 
loop corrections for those manifolds. This program was further extended to Seifert manifolds 
in [5]. It was observed there among other things that the 2- loop correction to the contribu- 
tion of the trivial connection was proportional to Casson- Walker invariant as calculated by 
C. Lescop [14]. 

In this paper we study the trivial connection contribution to Witten's invariant of a 
knot, a link and a manifold. In Section ^ we prove the relation between the Jones and 
Alexander polynomials of a knot (Proposition |2.1|) conjectured in [8] by relating the former 
to the Reidemeister- Ray-Singer torsion of the knot complement. We also generalize this 
result to the case of an arbitrary rational homology sphere (RHS ). In Section ^ we derive 
a knot surgery formula for the trivial connection contribution to Witten's invariant of a 
RHS (Proposition |3.1|) . We show that at the 2- loop level this formula coincides with 
Walker's formula [15] for Casson- Walker invariant. This proves the relation between the 2- 
loop correction to the contribution of the trivial connection and the Casson- Walker invariant 
(Proposition |3.2| ) conjectured in [5]. In Section ^ we try to go beyond RHS by considering 
a Seifert manifold with nontrivial rational homology. We derive a formula for the trivial 
connection contribution to its Witten's invariant (Proposition [4.3| ) and compare its properties 
to the partition function of a 2d gauge theory studied by Witten [16]. The results of Section]^ 
are illustrated in Appendix, where a large k asymptotics of the Jones polynomial of a torus 
knot is calculated. The contributions of reducible and irreducible connections in the knot 
complement are identified. Similarly to the results of [5], the contribution of the irreducible 
connections appears to be 2-loop exact. 



2 Jones Polynomial and Reidemeister- Ray-Singer Tor- 
sion 

We are going to study a Jones polynomial of a knot A^ in a rational homology sphere M (i.e. 
h\[ = 0). We start with the case oi M = S^ . Then the SU{2) Jones polynomial (in Witten's 
normalization (1.1)) can be expanded in K~^: 

Z^{S\lC-k)= Y. Cm,na"'K-^. (2.1) 

m,n>0 

Melvin and Morton [8] suggestedB the following 

Proposition 2.1 If the knot JC is canonically framed (i.e. the linking number u between the 
cycle 6*2 which determines the framing and K. is zero), then 

Cm,n = if m > n. (2.2) 

Moreover, 

■t-^ ^ „ / 2 sinfvra) 

E^n.na" = J- / \ . 0<a<l, 2.3 

here A^(5'^, /C; exp(27rza)) is the Alexander polynomial of JC normalized in such a way that 
A(S'^, unknot; exp(27rm)) = 1, Ayi(M, /C; exp(27rm)) is real. 

It was established by Milnor [17] and Turaev [18] that in this normalization A^ is related to 
the Reidemeister torsion of the knot complement: 

A^(M, /C; exp(2vrm)) = ...v^^^y ,^ • ,, (2-4) 

Tji{M \ Tub(/C); exp(27r2a)) 

Some simple quantum field theory arguments were used in [19] to show that the Alexander 
polynomial was related by eq. (2.4) to the Ray-Singer torsion of the knot complement. Here 
we will apply the same arguments to the Jones polynomial Za{S^, /C; k). 



H am thankful to D. Bar-Natan and S. Garoufalidis for drawing my attentfon to the paper [8]. 



Consider the values of a of order K. We introduce a new variable 

a = -^, 0<a< 1. (2.5) 

Let us split the path integral (1.1) for a knot /C into an integral over the connection A^ 
inside the tubular neighborhood Tub(/C) and inside its complement S'^\Tub(/C) with certain 
boundary conditions on the boundary T^ = (9Tub(/C), as well as an integral over these 
boundary conditions. According to [20], one possible set of boundary conditions requires 
that the gauge fields Ax2 on T^ should belong to the Cartan subalgebra, the curvature Fi 2 
should be zero and the integral I\ = /(^^ A^dx^ should be fixed. In fact, it was established 
in [20] that in accordance with eq. (1.5), the path integral over connections on Tub(/C) is 
proportional to 5{Ii — 27ria). Therefore the Jones polynomial Za{S^,}C;k) is equal to the 
path integral over connections on S^ \ Tub(/C) 

Z^{S^ IC;k)= f [VA^] exp ('-S'cs) (2.6) 

taken with the boundary condition 

Pexp((f A^dxA =exp{2nia). (2.7) 

The Chern-Simons action is modified [20] by the boundary term 

S'cs = Scs + Itt f A^A^d^x, (2.8) 

which is necessary for the choice (2.7) of boundary conditions. 

Let us calculate the path integral (2.6) by the stationary phase approximation method (1.13). 
First of all, we look for stationary phase points, i.e. flat connections satisfying the boundary 
condition (2.7). There is only one such connection for a < a^ [a^ > being a critical value 
depending on /C). This connection is reducible: all the holonomies belong to the maximal 
torus f/(l) C SU{2). For this connection Scs = 0. Since the linking number u of C2 and 
/C is zero, the homology class of C2 in S^ \ Tub(/C) is trivial. Therefore A2 = and the 
boundary term in eq. (2.8) is also zero. Thus the whole classical Chern-Simons action S'^g 
is zero. 
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We will estimate the 1-loop correction (1.14) up to a phase factor exp [ — ^NpiA. The 
flat f/(l) connection on S^ \ Tub(/C) satisfying eq. (2.7) has no moduli, so dimi/^ = 0. 
The isotropy group is H^ = U{1), so VolHc = 2\P1tx (recall that the radius of f/(l) is 
\/2), while dimiJ^ = 1. The determinants in the S'f/(2) Ray-Singer torsion r^ split into 
three factors for three Lie algebra components of A^ which have the definite f/(l) charge. 
The chargeless Cartan subalgebra (i.e. diagonal) component of A^ contributes 1, while 
each of the two off-diagonal components contribute the square root of the f/(l) torsion 
tr{S^ \ Tub(/C); exp(27r?a)). As a result of all this and eq. (2.4) we conclude that 

Proposition 2.2 The loop expansion formula (1.13) for the Jones polynomial of a knot in 
S^ can he presented in the form 






n=l ^-f^ ^ 



(2.9) 



here Sn{a) are the higher loop corrections for the path integral (2.6), they depend on the 
boundary holonomy exp(27ria). 

We will show later that e"*^?!^ = 1. 

The substitution (2.5) turns the r.h.s. of this equation into the expansion (2.1) with 
limitations (2.2) and property (2.3). We also learn that the sum of the terms 

^ Cm,m+nOrK-'^-'' (2.10) 

TO>0 

comes from the n-loop Feynman diagrams (including disconnected ones) in the knot com- 
plement S^ \ Tub(/C). 

Consider now a general RHS M with a knot /C inside it. This time there may be 
many fiat connections (both reducible and irreducible) with a given holonomy (2.7) even 
if a is very small. Each of them will contribute to the stationary phase approximation of 
the path integral (2.6) turning it into the sum (1.13). We will concentrate on the reducible 
f/(l) connections because their 1-loop contributions can again be related to the Alexander 
polynomial of /C. 



Some changes have to be made to eq. (2.9). Let b define the holonomy along C2 for a 
reducible fiat connection on M \ Tub(/C): 



Pexp(i A^dx^'^ =exp{2nib). (2.11) 



IC2 
The holonomies (2.7) and (2.11) are related by the fact that the homomorphism 

Hi{dTuh{IC), Z) -^ Hi{M \ Tub(/C), Z) (2.12) 

has a kernel. Let the cycle 

Co = d {miCi + 111202) , (i, mi,m2GZ, mi, 1712 — coprime (2-13) 

be its generator. Then 

Pexp ( I A^dx^\ = exp[27rid{mia + m2b)] = 1, (2.14) 

so that 

b = (mia+-), n e Z, < n < d. (2.15) 

777,2 V "/ 

If we smoothly reduce a to zero, then the fiat connection on M \ Tub(/C) will transform into 
a fiat connection on M. Let Scs,o be its Chern-Simons invariant. Then according to [21] 
and eq. (2.8), the Chern-Simons action of the original connection is 

,7772 m2bj 



S'cs = -^' — « + 2^ + Scs,o. (2.16) 



In particular, if the fiat connection on M at a = is trivial, then Sqs = and n = 0, so 
that 

S'as = --'^/. (2.17) 

The Reidemeister-Ray-Singer torsion for the Cartan subalgebra part of A^ is known to be 
equal to ordiJi(M, Z). As for the off-diagonal Lie algebra components of A^, we can use 
again eq. (2.4). However the argument of the torsion is related to the holonomy along the 
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generator of the Z part of Hi{M \ Tub(/C), Z). The holonomy along the cycle Cq which has 
the unit intersection number with Cq, is 



Pexp i 



/\n(lX 



exp ( 2Txi 



1712 



(2.18) 



This cycle generates the dZ subgroup of Z, so the holonomy along the generator of Z is 
exp (27ri^^). Combining all pieces together we get the following 

Proposition 2.3 If M is a RHS and JC is a knot inside it, then the contribution of the 
trivial connection to the Jones polynomial of /C is given by the formula 

I IT Q ) 

\Km2dJ 



z^:^\M,ic-k) 



2 1 sm 

— [ordiJi(M,Z)l"5 

^^ A4M,/C,exp(^^)) 



exp 



nx mi 2 

a 

2Km2 



X exp 



.n=l ^ -'^ 



"Jn+i ~rr 



'n+l 



a \ 



KJ 



(2.19) 



We dropped the factor e'* ^p'^, we will show later that it is equal to 1. 

Assuming that a <^ K (that is, a <^ 1), we can present ZJ^^\M, /C; k) in a slightly differ- 
ent form by applying the stationary phase approximation directly to the path integral (1.1) 
taken over connections on the whole manifold M: 



ZJ^'\M,IC;k) = Z^''\M;k) 



exp 



^K"= - 1) 



aJ{a, K). 



(2.20) 



In this formula Z*^*'')(M; A;) is a contribution of the trivial connection to Witten's invariant 
of M itself, it contains Feynman diagrams which are not connected to the knot /C. The 
function J{a, K) is a contribution of Feynman diagrams attached to the knot, except for 



^7r 
2K 



u{a^ 



and the 



two factors that we separated out explicitly: the framing factor exp 
dimension of the representation dim V"q = a, which appears when the trace of the holonomy 
is taken in eq. (1.1). Note the relation between the self-linking number of the knot v and 
the numbers mi,m2: 



V 



777.1 

7772 



(2.21) 
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The function J{a^ K) can be expanded in K ^ 



.J{a,K)= Y. Dr.,na"'K-\ (2.22) 

m,n>0 

The numbers Djn,n are type n Vassihev invariants. By comparing eqs. (2.19) and (2.20) we 
conclude that 



Dr 



for m > n. 



Moreover, according to [6] Dq^ 

J{a,K) = l + D2,2 



1, Do,i = -Di,i = -Di,2 = 0, ^2,2 = -D2,o, so that 



K^ 



+ 0{K'). 



(2.23) 



(2.24) 



The value of D2,2 can be deduced by comparing eqs. (2.19) and (2.20): 



z,,,.i^rA';-^ 



,ni_d' V--' 127 '^-^^^ 

This relation was first obtained by Bar-Natan in [6]. 

The trivial connection contribution Z'^'^^\M; k) can be expanded in asymptotic series in 
K^^. The leading 1-loop term is given by eq. (1.14): 

1 / 2nh 



ztL,iM-k) 



V2n{KordHi{M,T)y 



(2.26) 



Vol SU (2) VordiJi(M,Z); 
Comparing eqs. (2.26), (2.20) and (2.19) we see that A^ph = and the term e~~^p'^ can 
indeed be dropped from eqs. (2.19) and (2.9). 

All the formulas of this section can be easily generalized to the case of a general simple 
Lie group G. Equation (2.19) transforms into 

^(^■•^(M, }C; k) = [2KoTdH,{M, Z)]-^^"^ exp f-'-^^^a^) (2.27) 



X 



n 



2 sin 



TV Ct Xj 

K m2d 



A.eA,A^(M,/C;exp(^^ 



exp 



/27r\ 



]^Sk) ^--"'[k 



The generalization of eqs. (2.20) and (2.24) is 



ZJ^^\M,IC;k) = Z^'^\M;k)expi^-uic.'-p': 



ITT 



n 

A,eAi 



(q: • Xj 



^("'^)-^+^-i^^^^(^-^) 



J{<x,K), (2.28) 
(2.29) 
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3 A Trivial Connection Contribution to Witten's In- 
variant 

Suppose that a manifold M' is constructed by a [/(P'"?) surgery on a knot /C in a manifold M. 
Then Witten's invariant of M' can be calculated by the surgery formula (1.10). The large k 
limit of the r.h.s. of this formula contains implicitly the contributions of all fiat connections 
on M' . We will try to separate the contribution of the trivial connection in the case when 
both M and M' are rational homology spheres. 

We start with the case of G = SU{2). Our main tool is the finite version of the Poisson 
resummation formula. The Poisson resummation formula states that for any function f{a) 



y^ f{a) = ^2 daexp{2nial) f{a). (3.1) 



Therefore we would like to extend the sum in eq. (1.10) from l<a<K — Ito'^. First 
of all, since Uai'^ is equal to zero at a = 0, K we can add these points to the range of 
summation. We can also double this range: 

K 1 K 

E — ^ E (3.2) 

a=0 ^ a=-K+l 

because the summand is even. Finally, we use a "regularization" formula 

Y: /(a)=2iriim6^^e--^"V(«), H f{a + 2K) = f{a). (3.3) 

a=-K+l ^^ aeZ 

Thus we obtain a sum J2aeZ to which we apply eq. (3.1): 

/ + 00 



ZiM'-k) = e''^"^K\ime^ Y f^"^ dae-^""' exp(2Trila) Za{M,IC;k)ui^{'^\ (3.4) 

•^^O ^ J-oo 



At this point we make the following assumption: the large k limit of the integral over a 
in eq. (3.4) is equal to the sum of the contributions of the special points a* of the integrand, 
e.g. stationary phase points, breaks, poles, etc. Their contribution depends on the local 
properties of the integrand. Apart from the regularization factor e"'^^" , the set of critical 
points for all / G Z and their respective contributions exhibit the same symmetries as the 
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original summand of eq. (1.10), i.e. they are even and have a period of 2K. The role of the 
factor e~'^^" to the leading power in e is to suppress the contribution of each critical point 
a* by a factor e~^'^"*. Therefore we can play eq. (3.3) backwards: we drop K\m\^_,Qe^ and 

2 

e"'^'^" while limiting ourselves to the contribution of only those critical points which belong 
to the fundamental domain 

Q<a^<K. (3.5) 

In other words, 

ZiM'- k) = e^'^f^ y / -oo da e^^^'^'^ZJM, /C; A;) f/^''^^ (3.6) 

here the symbol /^°^oo means that we take only the contributions of the special points (3.5). 

lO<a,<K] 

If a* = 0, K, then its contribution to the integral of eq. (3.6) carries an extra boundary fac- 
tor i. 

We assume that each of the special points in the domain (3.5) corresponds to one or 
several connected pieces Ai'^ of the moduli space Ai' of fiat connections on M'. Consider a 
cycle in M' which corresponds to the cycle C2 on the boundary of a tubular neighborhood 
of the knot /C in M. We will also call it C2. According to eq. (1.5), the holonomy of a fiat 
connection related to a special point a* along C2 is equal to exp (^a*), so the contribution 



K 

of the trivial connection on M' should come from the point a* = 0. 

We now concentrate on the point a* = 0, so we are interested only in the values a <^ K. 
Therefore we can use a 1-loop approximation given by the formulas (1.13) and (1.14) for the 
partition function Za{M, /C; A;). Some of the terms ZJ^^^M, /C; A;) may have a special point 
a* = 0. We have to determine which of them do contribute to Z^^^\M'; k). 

We are going to present some arguments why the contribution to Z^'^^^M'; k) may actually 
come only from ZJ^^\M,}C] k). Suppose that a contribution of the special point a* = of 
a particular term ZJ^'=\M,}C; k) to the r.h.s. of eq. (3.6) corresponds to the contribution 
Z^'^^\M';k) of the trivial connection to the r.h.s. of that equation. Let us multiply the 
integrand of the path integral for Z{M'; k) by an "observable" factor 

0{C, P) = Tr^Pexp (^£ A^dx^'^ (3.7) 
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for j3 <^ K, thus turning it into Z^(M', C; k). According to eq. (1.14) in the 1-loop approx- 
imation 

4*'^(M', C; k) = I3Z^''\M'- k). (3.8) 

A surgery formula (3.6) can also work for Zp{M' ^ C; k) if we add the factor (3.7) to Zq(M, /C; k) 
transforming it into Zai3{M,{IC,C);k). According to eq. (1.14), the effect of the factor 
0{C,P) on ZJ^^^MjJC-jk) is (if we forget for a moment about an integral over Aic) to 
multiply it by a factor Tr^Pexp (^^jA^^^dx^j. This factor turns into P if Aic is a trivial 
connection. This is not only a sufficient but also a necessary condition if Aic is a point. 

If Aic has a nonzero dimension and there is a nontrivial integral in eq. (1.14) then we 
may use the following reasoning. Characters form a basis in the space of functions on the 
maximal torus of the Lie group (in our case it is U{1) C SU{2)). Therefore we can take 
a linear combination of observables with different values of j3 so that they form a smooth 
slowly varying function on the space of conjugation classes of holonomies Pexp (/^ A^rfx^), 
which is equal to 1 at identity. This new observable is equal to 1 on Z'^'^^^M'; k) (that is, 
if we multiply the integrand of the path integral for Z'^'^^\M'; k) by that observable, then 
the value of the path integral does not change at 1-loop). However different choices of the 
smooth function will affect the value of the integral over M.c in eq. (1.14). Therefore we 
conclude that the contribution of the trivial connection on M' to Z{M'\ k) comes only from 
the contribution ZJ^^^M, /C; k) of the trivial connection on M to Zq,(M, /C; A;). 

According to eq. (2.20), if M is a RHS then a = is not a singular point of ZJ^^^M, /C; k). 
Therefore its only chance to contribute to the integral (3.6) is to be a stationary phase point. 
According to eqs. (1.9), (2.19) and (2.20), the relevant part of the phase is 

We see that a = can indeed be a stationary phase point if we put n = in eq. (1.9) 
and / = in eq. (3.6). Now it remains to substitute eqs. (1.9) and (2.20) into the r.h.s. of 
eq. (3.6) and add an extra boundary factor |. Then we come to the following 
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Proposition 3.1 // M and M' are rational homology spheres and M' is constructed by a 
rational surgery f/(P''J) on a knot /C in M, which has a self-linking number v, then the trivial 
connection contribution to Witten's invariants of M and M' are related by the formula 



Z(-)(M;A;)^|^e-t-^'^<?+'^)exp 



Z^''\M';k)= (3.10) 

ign_(g)_ 

/2K\q\ 

X / „ dry sin I I ry .Tin. K) rxd 

2K \q 



/ -oo da sm a J(a,K) exp ( — V v \ a 

J\a,=o] \Kq 



=0] X^l) 

here the function J{a,K) comes from eg. (2.20), it is a Feynman diagram contribution of 
the trivial connection to the Jones polynomial of K, and satisfies the properties (2.22)-(2.25). 

The integral J^^ in eq. (3.5) should be calculated in the following way: the preexponen- 
K=o] 

tial factor sin (^) aJ{a,K) should be expanded in K ^ series with the help of eq. (2.', 



\Kq 



then each term should be integrated separately with the gaussian factor exp 



#if + ^ 



According to tliis prescription a term Dm,nO:'^ K~'^ in tlie expansion (2.22) contributes up 
to the (n — y j th order in the loop expansion of Z^^^\M'; k). Therefore the hmitation (2.23) 
leads to the following 

Corollary 3.1 Only a finite number of Vassiliev's invariants participate in a surgery for- 
mula for Z^^^\M'; k) at a given loop order. 

In particular, we present explicit surgery formulas for the first two loop corrections. In the 
notations of eq. (1.13) 

5f)(M') = 5f^(M) + 3 



s{p, ?) - 1^ ( ^ + ^) + i^ig^ \Z + A (3-12) 



^2,2 _ ^1 

2 



(£ + ^,)V2vr2 12g 
The first formula is consistent with eq. (1.14) which predicts that for a RHS 

^ist\M) ^ ^T,[KoidHi{M,T)Yi. (3.13) 
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As for eq. (3.12), it transforms into Walker's surgery formula [15] for Casson's invariant of a 
RHS a if we substitute 

st\M)=?>Xcw{M) (3.14) 

and recall the relation (2.25) between D2,2 and the second derivative of the Alexander poly- 
nomial. Thus we conclude that the conjecture of [5] can indeed be extended to all RHS: 

Proposition 3.2 If M is a rational homology sphere, then the 2-loop correction to the con- 
tribution of the trivial connection to its Witten's invariant (defined by eq. (1.13)) is related 
to the Casson- Walker invariant according to eq. (3.14). 

In the case of a general simply laced Lie group G the surgery formula (3.10) takes the form 



{K\q\) 2 



X exp 



ITX 



p^l2s{p,q) 



\w\ 
'p 
.9 



(3.15) 



V + 3sign — \- V 



.9 



X / doL 

[a*=o] 



n 



a ■ Ai) . -n 

— sm -^ a-Ai 

[p-Xi) \Kq 



xJ{a.,K)exp 



in I p 



V OL 



K \q 
here |iy | is the number of elements in the Weyl group and the integral goes over the Cartan 

subalgebra. The first two loop corrections are 



,iSf\M) 



:(tr) 



VolG 



27r 



fs:ord/7i(M,Z) 



Sr^M) = Qp'XcwiM). 



A simple formula 
/ da exp 



K[q 



AiGA+ 



(q: ■ Xj) 
(P ■ A.) 



sm 






(3.16) 
(3.17) 

(3.18) 



g^dimG.ign(|+.)|^| 



sign (g ) 

2|g| 



nlA+i 



rank G 

K 2 



- + z/ 



dim G 
2 



it: 



exp 



K q{pq + z/) 



allows an easy check of an obvious generalization of relations (3.11) and (3.12). 



*I am thankful to K. Walker for checking this. 
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4 Beyond the Rational Homology Spheres 

If a manifold M (M') is not a RHS then the trivial connection is a point on a connected 
piece M.Q (-^o) of the nioduh space of flat connections. Equations (2.20), (2.22) and (2.24) 
are no longer valid, since the 1-loop contribution oi M.q to the partition function Za{M, /C; k) 
includes an integral 

/^^^,^lY.Pexp(£.V.'-) (4.1) 

which may have singularities (e.g. poles or breaks) at a = 0. 

We will determine the contribution of M'q to Witten's invariant Z{M'\ k) when M' is 
a Seifert manifold Xg (—,...,—). Xg can be produced by n surgeries U^^^''^*^ on fibers of 
S^ X Hg, Tig is a gf-handle Riemann surface. We will sketch the calculation leaving the details 
for [22]. 

The Seifert manifold Xg ( — ,... ,^] can be constructed by an S surgeryEl on a special 
knot /C belonging to the manifold M which is a connected sum of n lens spaces L^p.^q^ and 
2g manifolds 5*^ x T^. The Jones polynomial of the knot /C (in Witten's normalization) is 

n 

Z^{M, IC;k) = Y[ il^^'-"'^ ~Slf'-\ (4.2) 

We put n = in eq. (1.9) in order to extract the contribution of M.q to ^^(M, /C; k): 

(4.3) 



'(•^°)(M,/C;fc) = 








/2\5-3 / 




J=^ \/\Pj 


ni=isi^(fS) 


cxp 
\KJ "^ \ 


. 2KP'') 


g.^„+2g-l 1^^^^ 


D 


fr. ^ 


\ ' ^i TJ r.^A IJ (V -77 


\ 



here 



The expression in the r.h.s. of eq. (4.3) has a pole at a = of order 2g — 1. 



(4.4) 



'S= \ I eS'i(2,Z) 
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After substituting eq. (4.3) into the surgery formula (1.10) and taking into account that 
U^P'i'> = S and 



TvK -2 
we get the following expression 



^ $([/(-* .p.)) + 3sign 



i=i 



(4.5) 



2 -.l-gK-l 



3 K-2„- t' -ff 



k) ^/""^V 2KP 



tn H 2\sign(P) e^-i^^'^n^^ " -^*(t/(-.-.) 



a 



n 



\P\ sin"+2<?-2(^^, .^^ 



_ft:" 



e 2K 



%inf 4- 1.(4.6) 



.^P., 



We should be careful in converting it to the integral (3.6), because the points a = 0, K are 
singular. We shift the argument of the singular factor: 



sm 



-n-2g+2 



n 



:a 



limsin-"-29+2 

€-►0 



TT 



[a — le] 



(4.7) 



Now we can add the points a = 0, -ft' to the sum (4.6). The factor n?=i sin [-^ — j makes the 
contribution of a = equal to zero, while the contribution of a = -ft' does not affect the local 
behavior at a; = 0. Thus the contribution of the piece Ai^ containing the trivial connection 
to Witten's invariant Z{Xg; k) is equal to the contribution of the special point a* = to the 
integral in the following expression 



.<x.,,,^,).i (!)-!!-£),... 



i7r|sign(^ 



in IH fH\ ^^ , , 

exp 7T77 I — - 3sign ( — ) - 12 2^ s{qj,pj] 



2K P 



X 



lim y^ 



e^O 



l^i 



+ 00 
— oc 



da ■ 



ni=i^i^(f^) 



"•=0 sm 



n+2g-2 ( tt_ 
K 



a -le, 



e'"*"' exp 



P, 

in H 
'2KT' 



-a 



(4i 



For / = 0, q; = is a stationary phase point. Similar to the previous section we conclude 



that 



Proposition 4.1 The contribution of the I = term to the expression (4-8) for Z'^^^^Xg] K) 
is equal to 

(M') 1 / 2 \ ^"^ sign (P) i^s-fH\ in (h fH\ " , 

^'=° = 2 Vk) -^^e^^-^-^<^) exp — I - - 3sign (^- j - 12 ^^ s{q,,p,) 



X 



r+oo 

1^ rfasin-"-2s+2 

Ja*=0 



n 



:a 



n a 



Ur[Kn. 



exp 



in H 
2KT' 



-a 



(4.9) 



To calculate the integral we have to expand the preexponential factor in Laurent series in 



n"=isin(fg 



sm 



n+2g-2 



(i( 



a — te. 



1 /TT \29-2 1 

P \K^) ~QP\K 



„ X 4-23 / n 1 

a] |2-2(?-n + ^-| +..(4.10) 



and then integrate each term separately with the help of the formula 



daa^ exp 



i-K H 



-a 



l'2K 

\ 71 



2K P 

which works for both positive and negative m. 



P 
H 



^-f(„.+ i)sign(^)r/ ^ 



(4.11) 



Thus the contribution of / = is expressed as an asymptotic series in i^ ^: 



;(^o) = 2i-^vr^-i^^-f \H\-^ (^j r (^i - ^ ) ii+ 



tn 



2K 



H\ 3^ 



2-2g-n + J2 — \ - 3sign 
i=i Pj 



P 



H 



- 12 J2siqj,Pj] 



i=i 



(4.12) 



The stationary phase points of the integral in eq. (4.8) for I 7^ are 



a 



(st) 



2K§L 



The integration contour of steepest descent for these points is 



Ima = sign ( — | {af — Re 



— Keo; 



(4.13) 



(4.14) 



The original integration contour Ima = should be rotated into the contour (4.14). During 
this rotation it crosses the pole a = ie of the integrand of (4.8) if sign ( ^ j oci > 0. Therefore 
the pole contributes its residue to the integral (4.8) if 

l> 1. 



(4.15) 



The total contribution of / 7^ to Z'^^o)(^Xg] k) is equal to 



'1^0 



1 / 2 y-3 sign (P) 

2 1:^. 



Z^^P{X,;k) = -Ji,) ^^^^^e-ts^-l^Jexp^l^-3sign(^)-12E^(.„P.) 



iTT H 

2K P 



i=i 



x27ri limReScv= 

e— 



exp(-^fa2) n-=isin(f^ 



-i-KOL 1 
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sin"+2^-2(f(a-ie; 



(4.16) 



The e ^ limit in this expression is nonsingular, so after changing the variable to x = -^a, 
we conclude that 

Proposition 4.2 The contribution of I ^ terms to the expression (4-8) for Z^^o)(^Xg] K) 
is equal to 



^(M'o)^^.u._ ,,^2V-^sign(P) 



, 3„- „/ J/^ 



Zr;^'{X,; k) = -tn ( - ) ^^^e^-3-^^n.^J (4.17) 



in H fH\ " , 

X exp — I — - 3sign (^— j - 12 }_^ s{qj,Pj) 

^ K exp(-ffx^)n"^isin(^ 

TT e*^^ — 1 sm ^^ [x] 

The residue is a polynomial P2g-2{K) in K of order 2g — 2: 

Z<^»'(A',;t)= (4,18) 

- " ='^" (^)e-i-(i^) exp i^ f ^ - 3s,gu f :g) - 12 f .(,,. p,)) A-»-'A,_,(A-). 



^^'^ \/\P\ 2K yp ° VP/ — 1 

/iere 

,2g-3T^2g-2 D ,2g-4T^2g-3 tt d 

P„ are Bernoulli numbers. 

The following statement summarizes our calculations: 

Proposition 4.3 T/ie contribution of the connected piece A^q of the moduli space of flat 
connections on a Seifert manifold Xg (—,...,—), which contains the trivial connection, is 
given by a sum of two terms 

Z(-^o)(X,; A:) = ^/^''^(X,; A:) + zJ^«^(X,; A:) (4.20) 

which are expressed by eqs. (4-17) and (4-9). The first term is a finite polynomial in K, 
while the second one in an asymptotic series in K~^ . 
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There is an obvious similarity between these results and the calculations of [16]. Tech- 
nically it comes from the similarity between the sum (4.6) and the formula for a partition 
function of the 2d gauge theory. The asymptotic expansion of both expressions can be cal- 
culated with the help of the same technical tricks. The connected piece A4q of the moduli 
space of flat connections on Xg ( — ,...,—) which contains the trivial connection is isomor- 
phic to the moduli space of trivial connections on Hg. Therefore the polynomial P2g-2{K) 
may also be related to some intersection numbers on TWq. Note however, that the degree of 
this polynomial is bigger than that of its counterpart in [16]. 

Similar to [16], the / = contribution (4.10) should be related to the singularity of M.'q 
at the trivial connection. It carries the fractional power of K, but it is an asymptotic series 
rather than one term as in [16]. 

It remains to be determined if either of the second terms in eqs. (4.12) or (4.14) might be 
related to Casson- Walker invariant of X^. According to C Lescop [23] this invariant should 
be zero for g > 2. Note that when g > 2, Z^,^'' [Xg\ k) starts dominating Zi^q" (Xg-, k) in 
the large k limit. 

5 Discussion 

Even apart from invoking the path integral representation of Witten's invariant, some ar- 
guments of Sections || and || where not quite rigorous. A more careful study of boundary 
conditions for Witten's invariant of manifolds with boundary and their relation to the bound- 
ary conditions used in [24] to define the analytic torsion, is needed. The formula (3.5) might 
also require a more rigorous proof. We take however some encouragement from the fact that 
it contains Walker's surgery formula [15] for Casson- Walker invariant, whose correctness has 
been checked. 

The further study of loop expansion for Witten's invariant of manifolds with bound- 
aries may be a useful tool in understanding Vassiliev invariants. According to formulas of 
Section ^, Vassiliev invariants are rearranged and related to Feynman diagrams on a knot 
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complement. In this approach the emphasis would be on cubic vertices rather than on chords 
of the knot diagrams. 

The appearance of Casson- Walker invariant as a 2-loop correction to the contribution of 
the trivial connection looks strange. After all, Casson- Walker invariant is rather a "number" 
of flat SU{2) connections than a local property of Chern-Simons action near the trivial 
connection. However this fact has its precedent. The 1-loop correction to the contribution of 
the trivial connection (as well as other connections) to the U{1) Witten's invariant of a RHS 
M is proportional to the square root of the Reidemeister- Ray-Singer torsion of M, which is 
known to be equal to ord Hi{M, 2). On the other hand, the order of homology is equal to the 
number of flat U{1) connections on M and may be called a U{1) Casson- Walker invariant. 
Going further along this way we can expect to flnd the surgery formulas for Casson- Walker 
invariants of other groups among the higher loop pieces of eq. (3.15). 
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Appendix 

We illustrate some calculations of Section ^ by considering an example: a large k asymptotics 
of the Jones polynomial of the type {m,n) torus knot ]Cm,n in S^. The 1/K expansion of 
this polynomial has been worked out by H. Morton in [25]. Here we take a limit in which 
the ratio a = a/K is kept constant as A; ^ oo. This allows us to identify the contributions 
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of various flat connections in the knot complement. According to the Proposition |2.2| , the 
contribution of the reducible flat connection will provide the usual 1/ K expansion of the 
Jones polynomial. 

The Jones polynomial Zai^S"^, }Cm,n', k) is expressed as a sum 



Zq,(o , l\.m,n] k) — 

= ^ E E \/|sin 

(3— a odd 



(A.i: 



TT 



— (m/3 + /i) 



exp 



ITT 

2K 



— (m/? + fj,Y nm^a'^ — 1) 



m 



m 



The sum over (3 can be converted into an integral with the help of the Poisson resummation 
formula. In this particular case 

a-l 






(A.2) 



/3—a odd 



SO that 



1 [J 

' /Jl,2=±l 



(A.3) 



X ^ / dl3 exp^-^ 



/?^ + (n/ii + m/i2 + i^/)/3 + /ii/i2 (a^ - 1) + ^^(a + 1) 



To find the large k asymtotics of this expression we apply a stationary phase approximation 
to the integral over (3 in the way similar to [5]. We start with the contribution of the 
boundary points (3 = ±a. They contribute the same amount due to the symmetry of the 
integrand, so we simply double the contribution of the point (3 = —a. After shifting the 
integration variable /3 — > j3 — a and some additional transformations we get the following 
formula: 



1 [2 



m 



4.VK E /^i/^^exp^ 

Ml,2=±l 



-a(/iin + fi2m) + 
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m n — m — n 



X(9?-'^ <;exp 



K \m n 



M^K E /^i/^^exp- 

' /il,2=±l 



-a(/ii?7, + ^2m) + 
23 




(A.4) 



— /5(e — mna + fC/) 
^ 1 /Kmny 



e=0 



,0(2j) 



exp 



K \m n 



iK ^ e'^^ 

Tx ~L e — mna — Kl 
leZ. 



e=0 



2 .r-^ ivr 

A'l,2=±l 



2 2 2 2 

m n — m — n 



2mn 



^ 1 /27ri \ -3 
> — mn 



sm I -j^na ] sm 



in {^ma\ 



sm 1 -^mna 



If we substitute eq. (2.5) then we find that in the 1-loop approximation 

2 sinfvrna) sinfvrma) 



-^a W ) '^m,n'] I^J 



+ OiK- 



(A.5) 



fi' sin(7rmna) 

This is a particular case of relation (2.9) if we recall the formula for the Alexander polynomial 
of the torus knot 



A^(S'^, ICm,n; exp(27ria)) 



sm Tirana sm vra 



(A.6) 



svnynma) sm[Tma) 

Thus we see that the contribution of the boundary points (3 = ±a is in fact the contribution of 
the reducible flat connection in the knot complement satisfying the boundary condition (2.7). 
The final expression of eq. (A. 4) is well defined not only for a of order K (where it was 
derived) but also for a of order 1 where it becomes a formula for ZJ^^\S^, K,m,n] k). 

The stationary phase points of the integral (A. 3) 

Kl 



PI 



(st) 



mn 



(A.7) 



also contribute to the Jones polynomial Za{S^,ICm,n',k). The contributions of the points 

t*^ and /3if 



/9, and (3_, are equal and should be combined into 



Z^ [b , l\^m,n] k) 
1 [^ 



(A.8) 



W^ E^/i/^2/Jrf^exp| 



A«l,2=±l 



_ i^sigti{mn)+iTTl 
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-—-p + {fiin + fi2m + Kl) + fiifi2 —{a - 1^ 



+Kl{a + l)] 



exp 



mn I I 

—inK a 

2 \ mn , 



4 sin (Tr^j sin (tt: 



mn\ 



X exp 



/ 2 2 2 2 ^ 

n / m n — m — n 



2K 



mn 
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The contributions Z^\S^, ^m,n] k) come from the irreducible flat connections in the knot 
complement satisfying eq. (2.7). The classical exponent as well as the ingredients of the 
1-loop formula (1.14) can be easily identified in the expression (A. 8). Note that the whole 
expression is 2- loop exact similar to the results of [5]. 

A particular value of / may contribute to the integral (A. 3) only if the point Pi lies 
within the integration range, that is 

< / < mna. (A. 9) 

This condition can not be satisfied for sufficiently small values of a. We see that the first 
irreducible connection appears only for a > —. New irreducible connections emerge at 
critical values 

(cr) ^ ^ 0<l<mn. (A. 10) 

mn 

These are also the zeros of the Alexander polynomial (A. 6). This is not surprising (see e.g. 
[26], [27]), since the zeros signal the presence of a zero mode in one of the determinants 
comprising the Ray-Singer analytic torsion. This mode is responsible for the "off-diagonal" 
deformation of the flat reducible connection. 

The formula (A. 4) becomes singular near the critical points (A. 10). However in this case 
it only means that the calculation of the contribution of the boundary points f3 = ±a has to 
be modifled when one of the stationary phase points (A. 7) is close to the boundary. More 
speciflcally, the integral over f3 in eq. (A. 4) has to be recalculated for I = Iq ii 

a = K-^ + -f, -f<^VK, 0<lo<mn. (A.ll) 

mn 

As a result, the combined contribution of the stationary phase points P±Xq and boundary 
points ±a to Za{S^, K^m,n'-, k) is given by the formula 

Zl';tl {SMCrn,n.k)= (A. 12) 

m.n. ' 



, sin U^A sin (ti^-A 



mn\ 



/ 2 2 2 2^ 



—mn'-f + 



2k \ mn 
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+ J^e^-'«exp 



/ 2 2 2 2 ^ 

iTX / m n — m — n 



K \ ran 



~ 1 f2m \~^ 



xa| 



sin TT (^ + f 7) sin vr (^ + §7) /sf sin (vr^) sin (vr 



«7r 



exp I mn77 ) 



7=7 



sin(^;|mn7J ^r mra7 V A / 

which demonstrates the smooth behavior of Zci{S'^, K^m,n\ k) in the vicinity of critical points (A. 10). 
The following proposition summarizes our calculations: 

Proposition A.l ^4 large k asymptotics of the Jones polynomial of a type {m,n) torus knot 
in the limit when a = -^ is kept fixed, contains the contribution of the reducible connec- 
tion (A. 4) as well as the contributions of irreducible connections (A. 8) for the values of I 
satisfying the condition (A. 9). 

The formula (A. 4) works also in the limit when a is fixed. It becomes a contribu- 
tion of the trivial connection and provides a usual 1/K expansion of the Jones polynomial 

Za[0 , n^rri.n] k) . 

The expression (A. 4) has a singular behavior at zeros of the Alexander polynomial (A. 6), 
however the whole Jones polynomial is smooth (see eq. (A. 12)). 
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